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=2 finite rank torsion free abelian group has, up to isomorphism. only finitely 
many summands. 
Probiem 69 in [3] asks whether there esist finite rank torsion free abeiian 
groups having an infinite number of nonisomorphic direct sum decomposi- 
tions. Since each such decomposition involves finitely many surnmands, 
this is equivalent to asking whether any finite rank torsion free abelian group 
Bias an infinite number of nonisomorphic summands. By iooking at the 
endomorphism ring, we mill show that this cannot occur. 
Recall that if R is the endomorphism ring of a finite rank torsion free 
abelian group, then the additive group of R is likewise rorsion free with 
finite rank. 
~ENWL Let R be a ring such that (R, +) is torsion j%ee ~~42% jnite rank. 
Then the Fight R-module R, has, up to isomorphism, on<\,finite@ man. swnmcmds~ 
Proof. Let -4, and Ma be summands of R, and let $2 be the nilradicai 
of R. Ther, 44, = Ma if and only if Mrj:l4r% w M2/Mv91. In fact, if @ is an 
isomorphism from iWJMr% to M2jik12~, let QI be the composition of 0 with 
the map from jTTI to Mr/Mr%. Since n/r, is projective, the natural map from 
11% to M2~M2*X can be written as v#, where c/: Ma + MI . It easily follows 
from Nekayama’s Lemma that 4 is aurjective. Since Ml is projective, Ker i 
is a summand of Ma . But clearly Ker + C Ma%, thus Ker # = 0 and # is 
an isomorphism. We see then that if suffices to prove the lemma for Rin, 
i.e. we may suppose without loss of generality that = 0. Tnen the 
nilradical of QR = Q @ R is also zero, so QR is E semisimple Q-algebra. 
(Here Q denotes the rational numbers.) 
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One can easily see that there exists a subring S _C QR so that QS = QR 
and (S, +) is a free abelian group [2, pp. 67-721. Since S n R has the same 
properties, we may suppose that S _C R. By the Jordan-Zassenhaus theorem 
[l, Section 791 there exists a finite set Nr ,..., Nt of right ideals in S so that 
every right ideal of S is isomorphic to some Ni . 
Now let Al = eR be a summand of R, . For some integer n, ne E S. 
There is an S-isomorphism from neS to some Ni . This isomorphism extends 
by linearity to an R-isomorphism from nM = neR to N,R. Since n31 w M, 
the lemma is proved. 
THEOREM. If G is a finite rank torsion free abelian group, tlzen G leas, up to 
isomorphism, only finitely many summands. 
Proof. Let R = End G. If H is a summand of G, then H = MG where 
M is a summand of R, . Furthermore, if Mr and Ms are isomorphic 
summands of R, , then MrG = MsG. Hence the theorem follows from the 
lemma. 
COROLLARY. Let G be a finite rank torsion free abelian group. Then there 
exist, up to isomorphism, only $nitely many H for which there exists a Jizite 
rank torsion free abelian group L such that G @L w H @ L. 
Proof. It is shown in [4] that any such H is isomorphic to a summand 
of G @ G. By the theorem, there are only finitely many such H. 
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